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Abstract 

For the 'classical' formulation of a massive spinning particle, the prop- 
agator is obtained along with the spin factor. We treat the system with 
two kinds of constraints that were recently shown to be concerned with the 
reparametrization invariance and 'quasi-supersymmetry'. In the path integral, 
the BRST invariant Lagrangian is used and the same spin factor is obtained 
as in the pseudo-classical formulation. 
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There are two standard ways of describing the spin degrees of freedom for the 
relativistic particle; the 'classical' way describes them in terms of the Lorentz group 
elements [|IJ and the 'pseudo-classical' one does that in terms of the Grassmann 
quantities 0. The main difference between them is the symmetries. The classical 
system for the relativistic particle has the reparametrization symmetry while the 
pseudo-classical one has extra supersymmetry. 

In Ref . H , it is shown that this difference is due to the constraint structure of the 
systems; the constraint p^-S^ = for the classical system || can be relaxed without 
changing the physical properties of the system. Furthermore that constraint, which 
can be considered as the supersymmetry analogue of the classical system, gives a 
closed algebra together with the constraint p 2 + m 2 = 0. 

In this letter, we are to confirm again that the model gives the right description 
of the relativistic spinning particle through the BRST invariant construction of the 
propagator along with the spin factor. 

The model is given by the following Lagrangian 

jC = p^x v --{t l i 2 -t 2 i 1 )--{K^ 2 -K^k\) 

_ Ml (^A^ 2 + t 2 ) + M 2 (^V\ + t x ) - N{p 2 + m 2 ) 
m m 

= p^x^ - Xt x i 2 - Xu ■ v - Mi$! - M 2 $ 2 - N<£> N , (1) 

where u 2 = 1, v 2 = 1 and u ■ v — Q. From this first order Lagrangian the Poisson 
brackets are easily shown to be 



1 we set X^ v of 0] equal to A<5^2 for our convenience. 
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and the constraint algebra is given by 

= "T^iV, i,J = 1,2. (3) 
Am/ 

They form a closed algebra similar to the supersymmetry of the pseudo-classical 
formulation. Here, we do not treat the group relation u 2 = 1, v 2 = 1 and u ■ v = as 
the 'dynamical' constraints Q. Being absorbed into the measure of the path integral 
they do the role of reducing the integration range. 

The Lagrangian can be written in the second order style 



£ = —m\—{x (vii — ui 2 )) 2 + \tii 2 — Xu ■ v, (4) 

V m 

in which iV 2 = — -^{x — —{vii ~ ui 2 )) 2 (this comes from the equation of motion 
for p) is used. We choose iV to be positive for later use. 

In order to deal with the gauge invariant system given above, we follow the 
standard BRST formulation 0. For the constraints above (pj), we straightforwardly 
construct the BRST operator 

Q = C N § N + d§i + -^rC^XN + KnXN + KlXl + 7! '2X2, i=l,2 (5) 

and the gauge fermion 

i[> = xnN + xM + x 2 M 2 , (6) 

which is corresponding to the usual gauge fixing iV = Mi = M 2 = 0. Here (c OJ Xa) 
and {x a , c a ) are ghosts and anti-ghosts, respectively. We use the following Poisson 
brackets for ghost variables: 

{N } 7T N } = {M i ,7T i } = l, i = l,2 

{c a ,Xa} = 1, {Ca,Xa} = h a =1,2, AT. (7) 



2 in ref. (§), they are thus dealt with and result in similar quasi-supersymmetry although in a 
somewhat complicated form. 



The BRST invariant Hamiltonian is 

Hq = &,Q} 

= N<5> N + Mi$i + M 2 $ 2 + -t^c 2 M iX n 

~Xm? ClM2XN + XnXn + XlXl + X2X2 ' ^ 
The effective BRST invariant Lagrangian is obtained through the Legendre trans- 
formation as follows 

C e ff = p ■ X — \tii 2 — XUV + N7Tn + Mi7Ti + M 2 7T2 

+cnXn + cixi + C2X2 - ^nXn - tixi ~ ^2X2 ~ H Q , (9) 

where the canonical kinetic terms for the ghost variables are assumed. For later 
convenience we divide the whole Lagrangian into two parts; the matter part 

^matter = P'X- \tit 2 ~ XuV + Nll N + M^i + M 2 7r 2 

-N{p 2 + m 2 )-M 1 (^-v + t 2 ) - M 2 { — -u + h), (10) 

m m 

and the ghost part 

Cghost = C N XN + CiXl + C2X2 - C N XN ~ C\X\ ~ C2X2 

1 1 

r c 2 MxXv + t-^J c i M 2Xjv - XnXn ~ X1X1 - X2X2- (H) 



Am 2 Am 2 

Now we are to consider transition amplitude via Feynman path integral. The 
matter part is written as 

Z matter = J DpDxDt 1 Dt 2 DuDvDNDM 1 DM 2 Dir N Dn 1 Dn 2 S[u ■ v] 

■ exp{— i J dr[p ■ x — Xtii 2 — Xuv + Ntt^ + M\H\ + M 2 tx 2 

-N(p 2 + m 2 ) - M x (^ -v + t 2 )- M 2 ( — ■ u + h)}}, (12) 
m m 

where DuDv = DuDv S[u 2 — l]8[v 2 — 1]. The integration over 7r a , a = 1, 2, TV gives the 
delta functional 5 [AT], 5 [Mi] and 5[M 2 ], which result in converting those functional 



measures DN DM1DM2 into the ordinary ones dNdM\dM 2 . The same is true for the 
integration over x and the measure Dp turns into dp. The ordinary integration over 
N, which is considered to be positive, can be performed straightforwardly to give 
the usual propagator for the relativistic particle with appropriate regularization. 

/ dNe-*S*»V^ = J ^exp{-*7W(p 2 + m 2 )} = {f - J_ (13) 

where T = Tf — r,. Now the matter part may be rewritten as 

i 



■"matter 



[ dpdM 1 dM 2 Dt l Dt 2 DuDv5\u ■ v]^— 
■ exp{-i J dr[AM 2 + Xu ■ v + M 1 ^ 1 + M 2 $ 2 ]}. (14) 

The ghost part reads as 

Zghost = J DcDxDWx 

f 1 1 

• exp{z J dr[c a Xa ~ c a Xa - XaXa - -^^c 2 M x Xn + j—^^M^n}} 

= J DcDxDWx 

■ exp{i J dT[-(Xa + ^a){Xa + c a - f£ c c b M c ) + t a (c a - f* c c b M c )]}, 

(15) 

where the structure constant f b a c is nonvanishing only for the following component 



This Gaussian integration can be performed easily by the field shifting 

Zghost = J DcDxDWxexp{i J dT(-XaXa + c a c a )} 

= const(iTf. (17) 

We note that this ghost part has only T dependency. 
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Now we are in a position to finish the remaining integration for the matter part. 

Zmatter = / dpdM l dM 2 Dt 1 Dt 2 DuDv8[u ■ v] T - r - T — — - 

J [p z + m z — ie)l 

■ exp{-i [ drfthh + \u ■ v + Mi(— • v + t 2 ) + M 2 (— ■ u + h)}}. 
J m m 

(18) 

The integration over t\ gives delta functional 

J Dt^-^ dTtl{xh+hh) = 5[Xi 2 + M 2 ], (19) 

which converts the functional integral over t 2 into the ordinary one over the constant 
mode t 2i given as 

, , M 2 M 2 

t2{T) = —£-T+-^Ti + t2i. (20) 

With the substitution of (f20|), the matter part is summarized as 
Zmatter = J dpdMidM 2 dt 2i DuDv5[u ■ V 



■e 



(p 2 + m? — ie)T 



(21) 

Finally the integrations over t 2 « and M\ result in 

/ dt 2i exv{-iM 1 Tt 2i } = 8{M X T) (22) 



and 



J dM 1 S(M 1 T) exp{-i J drMti-^r + + t 2l )} = ~. (23) 



Furthermore v may be expanded as v = C 2 \u + C\\V + w, where u • w — v ■ w — 0, 
thus the matter part becomes 

Zmatter = J dpdM 2 DuDv5[lL ■ v] 



= J dpdM 2 DuDvd[u ■ v] 

(24) 

Since C%\ has no field dependency it can be extracted out of the functional integral 
and with the integration over M 2 becomes 

e -ix f drc 21 f dpf)uDv5[u ■ v] — 7 , —, 5[ [ dr^- ■ u] . (25) 

Note that the integrand does not have v field dependency thus integral over v 
part also can be decoupled to be absorbed into the normalization factor. Moreover 
if u is periodic, it can be mode-expanded thus only the zero mode uq remains in 
the delta functional S[J dr^p ■ u] = 5(—p ■ uq). This implies that along with the 
integration over u it gives the order T _1 which together with T~ 2 in fl2"oD can be 
exactly cancelled by the T 3 order of the ghost part ([17|) . 

We conclude this letter with some remarks. There have been many studies on 
the BRST quantization of the relativistic spinning particle. In [[7| the massive case is 
treated, in || is dealt with the massless case and in the extended supersymmetric 
case is considered. However in most cases, they use the pseudo-classical formulation. 

In this letter, we have worked the same for the 'classical' system with the relaxed 
constraint ^p^K^ v + t v = 0. In the final result (|25|), we note that the BRST in- 
var iance assures the cancellation of the unphysical T dependency of the propagator. 
Further the spin factor is the same as in ||10|. The delta functional 8[j dr^p-u] says 
that only those u satisfying J dr^p-u = contribute to the spin factor and becomes 
some volume factor upon integration. In such a case — p ■ u may not vanish for all 
time, which is just compatible with the relaxed constraint ^-p^A^ = — tj. The same 
is true for v since we can change the role of u and v by the integration by parts in 
(|18|). We can say, therefore, the model proposed in || describes a spinning particle 
in the 'classical' fashion comparable with the 'pseudo-classical' formulation. 
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